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INTRODUCTION

An actual diffusion process depends on random factors. When the random coefficients are replaced by
their expectations, the error introduced can be estimated if we know the expectation and variance of the
diffusion process.

We find the expectation and the second moment of the solution to the Cauchy problem

(1)

(2)

Here, t ∈ [t0, t1] = T ⊂ �, x ∈ �
3
, u: T × �

3
  � is the unknown function, ε(t) > 0 and f : T × �

3
 

� are stochastic processes, and u0 : �
3
  � is a stochastic process independent of ε or f.

The usual line of reasoning is as follows. Let ε, f, and u0 be some realizations of the processes. Using a
well�known formula, we can write the solution and find its expectation. The arising difficulties can be
understood by considering a simple example. Consider the problem (here, x ∈ �)

where ε > 0 is a stochastic process defined by the distribution density p
ε
(t, η) and u0 is a given function.

The solution is

Let ε > 0 be a random variable with the distribution density p
ε
(η). Then
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If ε(t) is a stochastic process defined by the distribution density p
ε
(t, η), then the expression

makes no sense, since the integral with respect to η is an operator rather than a function of η.
If a stochastic process is defined by a measure μ

ε
 on a space σ that is a realization of ε, then we have to

evaluate the complicated path integral

Other methods are developed for finding moment functions. Specifically, the Kolmogorov equations
for the distribution density of the process u(t, x) are used. Chains of equations for moment functions are
constructed [1], which can sometimes be made closed and solved; asymptotic expansions in small random
perturbations are constructed (see [2]).

There are other approaches available for finding moment functions [3, 4]. Formulas for the first two
moment functions of the solution to a first�order scalar linear differential equation were derived in [3].

The approach used in this paper can be described as follows. We define (see Section 4) the auxiliary
mapping

(3)

where

M denotes the expectation with respect to the distribution function of ε and f. For y we obtain a determin�
istic problem with an explicit solution. Here, M(u(t, x)) = y(t, x, 0, 0). Moreover, applying differentiation,
we easily find the mixed moment functions

Let V be the Banach space of functions v : T  � equipped with the norm  and W be the

Banach space of functions ω : T × �
3
  �. Given numbers a and b, let χ(a, b, ·) denote the function

defined according to the following rule: χ(a, b, s) =  if s lies in the interval with the endpoints
at a and b and χ(a, b, s) = 0 otherwise. For a, b ∈ T, assume that the functions χ(a, b, ·) belong to V and
there is a constant m > 0 such that

(4)

Let the sample functions of ε be such that  is a linear bounded functional on V. Similarly,

the realizations of f define the linear bounded functional  on W. Let  denote

(  +  + )1/2 for x ∈ �
3
.
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Assume that ε and f are defined by a characteristic functional; i.e.,

First, we study equations with a variational derivative.

1. FIRST�ORDER EQUATION WITH A VARIATIONAL DERIVATIVE

Let X be a Banach space of functions on the interval T ⊂ �, x: T  �, and y: X  C.

Definition 1 (see [5]). If the Fréchet differential dy(x(·), h) [6] of the functional y at a point x0(·) has the
form

where the integral is understood in the sense of Lebesgue, then ϕ : T × X  C is called by the variational

(functional) derivative of y at x0(·) and is denoted by .

Consider the linear inhomogeneous problem

(5)

(6)

for the unknown mapping y : T × �
3
 × V  C in a neighborhood Ω ⊂ V of the point v(·) = 0. The fol�

lowing result (see [5, p. 183]) is needed to prove Theorem 2.

Theorem 1. If a : T  C is a measurable bounded function on T, y : V  C has a variational derivative
δy(a(·)χ(t0, t, ·))/δv(s) that is summable with respect to s, and condition (4) is satisfied, then f(t) = y(a(·)χ(t0,
t, ·)) is differentiable almost everywhere on T and

Theorem 2. Suppose that ai : T  C, i = 1, 2, are measurable bounded functions on T; condition (4) is

satisfied; y0(x, v(·) + a1(·)χ(t0, t, ·)) has a summable variational derivative in Ω; b : T × �
3
 × V  C is sum�

mable on T with respect to the first variable; and there exists a τ�summable variational derivative δb(s, x,
v(·) + a1(·)χ(s, t, ·))/δv(τ) that has a summable majorant on T for v(·) ∈ Ω: |δb(s, x, v(·) + a1(·)χ(t0, t,
·))/δv(τ)| ≤ m(s). Then

(7)

is a solution to problem (5), (6) in Ω.

Proof. Since b(s, x, v(·) + a1(·)χ(t0, t, ·)) has a variational derivative with respect to v in Ω, it is contin�
uous with respect to v in Ω. Furthermore, since b is summable with respect to the first variable, b(s, x,
v(·) + a1(·)χ(s, t, ·)) is summable with respect to s on T. Due to the summable majorant m(s), the varia�
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tional derivative of the integral in (7) can be calculated by variational differentiation under the integral
sign. Applying Theorem 1, we find

The variational derivative is calculated as

Substituting this into (5) gives a correct equality for v(·) ∈ Ω for almost all t ∈ T. The theorem is proved.

2. THIRD�ORDER EQUATION WITH A VARIATIONAL DERIVATIVE

Let x ∈ �
3
; f : �

3
 × �

m
  C; ξ be a vector with coordinates ξ1, ξ2, and ξ3; Fx[ f(x, y)](ξ) denote the

Fourier transform with respect to x; similar notation be used for the inverse Fourier transform; and 
denote the convolution with respect to x (see [7]).

Consider the Cauchy problem for the third�order differential equation

(8)

(9)

Here, t ∈ T ⊂ �
3
, x ∈ �

3
, b : T × �

3
 × V  C and y0 : �

3
 × V  C are given mappings, and y is the

unknown mapping. In the theorem below, the arguments are omitted from y0 and b (namely, x and v(·) +

(t0, t, ·) from y0 and s, x, v(·) + (s, t, ·) from b) and δ(x) denotes the delta function.

Theorem 3. Suppose that condition (4) is satisfied and there exists a neighborhood Ω of the point v(·) = 0
such that, for all v(·) ∈ Ω, the functions
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are bounded for t ∈ T and s ∈ T by summable functions on �
3
. Then the solution to problem (8), (9) is given

by the formula

(10)

Proof. Assume that a Fourier transform with respect to x exists for the solution to problem (8), (9).
Applying the Fourier transform to (8) and (9) yields

This problem has the form of (5), (6) and ξ is a parameter. Using formula (7),

Applying the inverse Fourier transform, we obtain

The theorem assumptions on the existence of summable majorants ensure differentiability under the
integral sign with respect to the required variables. Using the properties of Fourier transforms gives
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The theorem is proved.

3. EXPECTATION OF THE SOLUTION TO THE HEAT EQUATION

We introduce the notation
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problem (1), (2).

y t x v ·( ), ,( ) 1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������– δ x1( ) * Fξ1

1–
Fx1

y0 x v ·( ) iξ1
2χ t0 t ·, ,( )+,( )[ ] ξ1( )[ ] x1( )exp=

+ 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������– δ x1( ) * Fξ1

1–
Fx1

b s x v ·( ) iξ1
2χ s t ·, ,( )+, ,( )[ ] ξ1( )[ ] x1( )exp s.d

t0

t

∫

x

x

∂
∂t
����Fx y t x v ·( ), ,( )[ ] ξ( ) i δ

δv t( )
����������� iξ1–( )2

Fx y t x v ·( ), ,( )[ ] ξ( )–=

+ iξ2–( )2
Fx y t x v ·( ), ,( )[ ] ξ( ) iξ3–( )2

Fx y t x v ·( ), ,( )[ ] ξ( ) Fx b t x v ·( ), ,( )[ ] ξ( ),+ +

Fx y t0 x v ·( ), ,( )[ ] ξ( ) Fx y0 x v ·( ),( )[ ] ξ( ).=

Fx y t x v ·( ), ,( )[ ] ξ( ) ξ2
2 ξ3

2
+( ) t t0–( )–[ ]Fx y0 x v ·( ) iξ1

2χ t0 t ·, ,( )+,( )[ ] ξ( )exp=

+ ξ2
2 ξ3

2
+( ) t s–( )–[ ]Fx b s x v ·( ) iξ1

2χ s t ·, ,( )+, ,( )[ ] ξ( )exp s.d

t0

t

∫

y t x v ·( ), ,( ) Fξ

1– ξ2
2 ξ3

2
+( ) t t0–( )–[ ]exp{ } x( ) * Fξ

1–
Fx y0 x v ·( ) iξ1

2χ t0 t ·, ,( )+,( )[ ] ξ( ){ } x( )=

+ Fξ

1– ξ2
2 ξ3

2
+( ) t s–( )–[ ]exp{ } x( ) * Fξ

1–
Fx b s x v ·( ) iξ1

2χ s t ·, ,( )+, ,( )[ ] ξ( ){ } x( ) sd

t0

t

∫

=  1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������– δ x1( ) * Fξ

1–
Fx y0 x v ·( ) iξ1

2χ t0 t ·, ,( )+,( )[ ] ξ( ){ } x( )exp

+ 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������– δ x1( ) * Fξ

1–
Fx b s x v ·( ) iξ1

2χ s t ·, ,( )+, ,( )[ ] ξ( ){ } x( )exp s.d

t0

t

∫

x

x

x

x

Fξ

1–
Fx y0 x v ·( ) iξ1

2χ t0 t ·, ,( )+,( )[ ] ξ( ){ } x( ) Fξ1

1–
Fξ2ξ3

1–
[Fx2x3

[Fx1
[y0(x{ iξ1

2χ t0(

Fξ1

1–
Fx1

[y0(x{ iξ1
2χ t0 t ·, ,( ) ) ] ξ1( ) } x1( )

Fξ

1–
Fx b s x v ·( ) iξ1

2χ s t ·, ,( )+, ,( )[ ] ξ( ){ } x( ) Fξ1

1–
{Fξ2ξ3

1–
[Fx2x3

[Fx1
[b(s iξ1

2χ

ξ1( ) ] ξ2ξ3( ) ] x2x3( ) } x1( ) Fξ1

1–
Fx1

b s x v ·( ) iξ1
2χ s t ·, ,( )+, ,( )[ ] ξ1( ){ } x1( )

y t x v ·( ) ω ·( ), , ,( ) M u t x,( )e v ·( ) ω ·( ),( )( ),=



www.manaraa.com

1858

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 49  No. 11  2009

ZADOROZHNIY, KHREBTOVA

Multiplying (1) and (2) by e(v(·), ω(·)), we find the expectation with respect to the distribution func�
tion of u0, ε, and f. If the corresponding derivatives of y exist, then the last equalities are written as

(11)

(12)

where ϕ is the characteristic functional of ε and f. Here, we used the independence of u0 from ε and f.

Problem (11), (12) is deterministic, but Eq. (11) is not conventional, since it involves variational dif�
ferentiation. Naturally, the form of y prompts the following definition.

Definition 2. The expectation of the solution to problem (1), (2) is

(13)

where y solves problem (11), (12) in a neighborhood of (0, 0) in V × W. If y solves problem (11), (12) in
the sense of generalized functions (distributions), then (13) is called the generalized expectation of the
solution to problem (1), (2).

If we set M(u0(x))ϕ(v(·), ω(·)) = y0(x, v(·), ω(·)) and –iδϕ(v(·), ω(·))/δω(t, x) = b(t, x, v(·), ω(·)), then
problem (11), (12) has the form of (8), (9) for every fixed ω(·).

Theorem 4. Let M(u0(x)) be summable on �
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, and let the conditions of Theorem 3 be satisfied for every
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by the formula
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1– ϕ iξ1
2χ t0 t ·, ,( ) 0,( )( ) x1( )[ ]exp=

– i 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������–   *  Fξ1

1–
Fx1

δϕ iξ1
2χ s t ·, ,( ) 0,( )

δω s x,( )
�������������������������������������⎝ ⎠

⎛ ⎞ ξ1( ) x1( )exp s.d

t0

t

∫

x2x3 x1

x2x3
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4. SPECIAL CASES

Formula (15) is rather general. It was derived even without assuming the independence of ε and f.

4.1. The case of independent ε and f. The characteristic functional ϕ(v(·), ω(·)) is then the product of
the characteristic functionals ϕ

ε
(v(·)) and ϕf(ω(·)) defining ε and f.

Theorem 6. Suppose that the stochastic processes u0, ε, and f in problem (1), (2) are independent; condition (4)
is satisfied; the characteristic functional ϕ

ε
 : V  C of the process ε has a variational derivative with respect

to v ∈ L1(T); and the functions M(u0(x)) and M( f(t, x)) are locally summable. Then the generalized expec�
tation of the solution to problem (1), (2) is given by the formula

(16)

Proof. Note that  = iMf(t, x), ϕf (0) = 1, and ϕ(v(·), ω(·)) = ϕ
ε
(v(·))ϕf (ω(·)).Using formu�

las (13) and (14), we find

The inverse Fourier transform under the integral sign is expressed in terms of the convolution, which
yields (16). The theorem is proved.

4.2. The Case of a Gaussian process ε. The Gaussian stochastic process is defined by the characteristic
functional

where Mε(s) is the expectation of ε and b(s1, s2) = M(ε(s1)ε(s2)) – Mε(s1)Mε(s2) is the covariance func�
tion of ε.

Theorem 7. Let ε be a Gaussian stochastic process independents of f, Mε(t) > 0, Mε(·) ∈ L
∞

(T), b: T ×
T  � be a measurable bounded function, and M(u0(·)) and M( f(t, ·)) be locally summable functions. Then
the generalized expectation of the solution to problem (1), (2) is calculated by the formula

Mu t x,( ) 1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������–   *  M u0 x( )( ) * Fξ1

1– ϕε iξ1
2χ t0 t ·, ,( )( )[ ] x1( ){ }exp=

+ 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������–   *  Fξ1

1– ϕε iξ1
2χ s t ·, ,( )( )[ ] x1( ) * Mf s x,( ){ }exp s.d

t0

t

∫

x2x3 x1

x2x3 x1

δϕf 0( )
δω t x,( )
����������������

Mu t x,( ) 1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������–   *  M u0 x( )( ) * Fξ1

1– ϕε iξ1
2χ t0 t ·, ,( )( )ϕf 0( )[ ] x1( ){ }exp=

– i 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������–   *  Fξ1

1–
Fx1

ϕε iξ1
2χ s t ·, ,( )( )

δϕf 0( )
δω s x,( )
���������������� ξ1( )

⎩ ⎭
⎨ ⎬
⎧ ⎫

x1( )exp sd

t0

t

∫

=  1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������–   *  M u0 x( )( ) * Fξ1

1– ϕε iξ1
2χ t0 t ·, ,( )( )[ ] x1( ){ }exp

+ 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������–   *  Fξ1

1– ϕε iξ1
2χ s t ·, ,( )( )Fx1

Mf s x,( )[ ] ξ1( )[ ] x1( )exp s.d

t0

t

∫

x2x3

x2x3

x2x3

x2x3

x1

x1

ϕε v ·( )( ) i Mε s( )v s( ) sd

T

∫
1
2
�� b s1 s2,( )v s1( )v s2( ) s1d s2d

T

∫
T

∫–
⎝ ⎠
⎜ ⎟
⎛ ⎞

,exp=
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(17)

Proof. The functional ϕ
ε
 has a variational derivative, and expression (16) is defined in the generalized

sense. It is well known (see [7]) that

The last condition holds since Mε(s) > 0. Furthermore,

Define B(t0, t) = . Then

Moreover,

Substituting these relations into (16) gives (17). The theorem is proved.

5. AUXILIARY CAUCHY PROBLEM

The second moment of the solution to problem (1), (2) is found in the same manner as the expectation.
Define the auxiliary mapping

Mu t x,( ) 1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������–   *  

1

2 π Mε s( ) sd

t0

t

∫

����������������������������
x1

2

4 Mε s( ) sd

t0

t

∫

���������������������–

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞

exp  * 
1

2
k
k!

�������� b s1 s2,( ) s1d s2d

t0

t

∫
t0

t

∫⎝ ⎠
⎜ ⎟
⎛ ⎞ k

k 0=

∞

∑exp=

× ∂4k

∂x1
4k

��������M u0 x( )( ) 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������–⎝ ⎠

⎛ ⎞
  *  

1

2 π Mε τ( ) sd

t0

t

∫

�����������������������������
x1

2

4 Mε τ( ) sd

t0

t

∫

�����������������������–

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞

exp  * 
1

2
k
k!

��������

k 0=

∞

∑exp

t0

t

∫+

× b s1 s2,( ) s1d s2d

s

t

∫
s

t

∫⎝ ⎠
⎜ ⎟
⎛ ⎞

k

∂4k

∂x1
4k

��������Mf s x,( )ds.

x1x2x3

x2x3 x1

Fξ

1– ξ1
2

Mε s( ) sd

t0

t

∫–
⎝ ⎠
⎜ ⎟
⎛ ⎞

exp x( ) 4π Mε s( ) sd

t0

t

∫⎝ ⎠
⎜ ⎟
⎛ ⎞ 1/2–

x1
2

4 Mε s( ) sd

t0

t

∫

����������������������–

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞

for Mε s( ) sd

t0

t

∫exp 0.>=

Fξ1

1– ϕε iξ1
2χ t0 t ·, ,( )( )[ ] x1( ) Fξ1

1– ξ1
2

Mε s( ) sd

t0

t

∫–
⎝ ⎠
⎜ ⎟
⎛ ⎞

exp x1( ) * Fξ1

1– 1
2
��ξ1

4
b s1 s2,( ) s1d s2d

t0

t

∫
t0

t

∫⎝ ⎠
⎜ ⎟
⎛ ⎞

exp x1( ).=
x

b s1 s2,( ) s1d s2d
t0

t

∫t0

t

∫

Fξ1

1– 1
2
��ξ1

4
B t0 t,( )⎝ ⎠

⎛ ⎞exp x1( )
B

k
t0 t,( )

2
k
k!

���������������Fξ1

1– ξ1
4[ ] x1( )

k 0=

∞

∑
B

k
t0 t,( )

2
k
k!

��������������� d
4k

dx1
4k

��������δ x1( ).

k 0=

∞

∑= =

Fξ1

1– 1
2
��B s t,( )ξ1

4

⎝ ⎠
⎛ ⎞exp x1( ) * Mf s x,( ) B

k
s t,( )

2
k
k!

�������������� ∂4k

∂x1
4k

��������δ x η–( )Mf s η,( )
k 0=

∞

∑⎝ ⎠
⎜ ⎟
⎛ ⎞

ηd

R

∫=

=  B
k

t s,( )

2
k
k!

�������������� ∂4k

∂x1
4k

��������Mf s x,( ).

k 0=

∞

∑

x1

z t t1 x τ v ·( ) ω ·( ), , , , ,( ) M u t x,( )u t1 τ,( )e v ·( ) ω ·( ),( )( ).=
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Equation (1) is multiplied by u(t1, τ)e(v(·), ω(·)) and is averaged over the distribution function of ε, f,
and u0. Formally, this equality is written in terms of z and y as

(18)

Unfortunately, the initial value z(t0, t1, x, τ, v(·), ω(·)) cannot be obtained from condition (2). However,
multiplying (2) by u(t0, τ)e(v(·), ω(·)) and averaging over the distribution function of ε, f, and u0 yields

(19)

By definition, z is symmetric about (t, x) and (t1, τ); i.e., z(t, t1, x, τ, v(·), ω(·)) = z(t1, t, τ, x, v(·), ω(·)).
Using this feature, we can find z.

Theorem 8. Suppose that condition (4) is satisfied; M(u0(x)), M(u0(τ)), and M(u0(x)u0(τ)) are locally
summable in an neighborhood of the point (0, 0) ∈ V × W; and there exist variational derivatives

Then the (t, x)� and (t1, τ)�symmetric generalized solution to problem (18), (19) is given by the formula

(20)

∂z t t1 x τ v ·( ) ω ·( ), , , , ,( )
∂t

����������������������������������������������� i δ
δv t( )
����������� ∂2

∂x1
2

������z t t1 x τ v ·( ) ω ·( ), , , , ,( )– ∂2

∂x2
2

������z t t1 x τ v ·( ) ω ·( ), , , , ,( )+=

+ ∂2

∂x3
2

������z t t1 x τ v ·( ) ω ·( ), , , , ,( ) i
δy t1 τ v ·( ) ω ·( ), , ,( )

δω t x,( )
���������������������������������������.–

z t0 t0 x τ v ·( ) ω ·( ), , , , ,( ) M u0 x( )u0 τ( )( )ϕ v ·( ) ω ·( ),( ).=

δϕ v ·( ) iη1
2χ s t1 ·, ,( ) iξ1

2χ t0 t ·, ,( ) ω ·( ),+ +( )
δω s τ,( )

����������������������������������������������������������������������������������������,
δϕ v ·( ) iξ1

2χ s t ·, ,( ) iη1
2χ t0 t1 ·, ,( ) ω ·( ),+ +( )

δω s x,( )
����������������������������������������������������������������������������������������,

δ2ϕ v ·( ) iη1
2χ θ t1 ·, ,( ) iξ1

2χ s t ·, ,( ) ω ·( ),+ +( )
δω s x,( )δω θ τ,( )

������������������������������������������������������������������������������������������.

z 1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������–   *  

1
4π t1 t0–( )
��������������������

⎩
⎨
⎧

exp=
x2x3

×
τ2

2 τ3
2

+
4 t1 t0–( )
�����������������–   *  M u0 x( )u0 τ( )( ) * Fξ1

1–
Fη1

1– ϕ v ·( ) iη1
2χ t0 t1 ·, ,( ) iξ1

2χ t0 t ·, ,( ) ω ·( ),+ +( )[ ] τ1( )[ ] x1( ){ }exp
τ2τ3 τ1

– i 1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������–⎝ ⎠

⎛ ⎞
  *  M u0 x( )( ) * 

1
4π t1 s–( )
�������������������

t0

t1

∫
⎩
⎪
⎨
⎪
⎧

exp
x2x3 x1

×
τ2

2 τ3
2

+
4 t1 s–( )
���������������–⎝ ⎠

⎛ ⎞
  *  Fξ1

1–
Fη1

1–
Fx1

δ
δω s τ,( )
����������������ϕ v ·( ) iη1

2χ s t1 ·, ,( ) iξ1
2χ t0 t ·, ,( ) ω ·( ),+ +( ) η1( ) τ1( ) x1( )dsexp

⎭
⎪
⎬
⎪
⎫

– i 1
4π t1 t0–( )
�������������������

τ2
2 τ3

2
+

4 t1 t0–( )
����������������–⎝ ⎠

⎛ ⎞
  *  M u0 τ( )( ) * 

1
4π t s–( )
����������������

x2
2

x3
2

+
4 t s–( )
�������������–⎝ ⎠

⎛ ⎞
  *  Fη1

1–
Fξ1

1–
Fx1

δ
δω s x,( )
����������������ϕ v ·( )(exp

t0

t

∫⎩
⎨
⎧

exp

τ2τ3

τ2τ3 τ1 x2x3

+ iη1
2χ t0 t1 ·, ,( ) iξ1

2χ s t ·, ,( ) ω ·( ) ),+ ξ1( ) x1( ) τ1( )ds
⎭
⎬
⎫

– s 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������–⎝ ⎠

⎛ ⎞
  *  

1
4π t1 θ–( )
��������������������

τ2
2 τ3

2
+

4 t1 θ–( )
�����������������–   *  Fξ1

1–
Fx1

Fη1

1– Fx1
��exp

⎩
⎨
⎧

exp

t0

t1

∫d

t0

t

∫
x2x3 τ2τ3
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Proof. We set t1 = t0 in (18). Problem (18), (19) (at t1 = t0) for z(t, t0, x, τ, v(·), ω(·)) has the form of
problem (11), (12). Formula (14) yields

Since z is symmetric about (t, x) and (t1, τ),

Then

Using (12), we find the initial condition for Eq. (18):

Equation (18) with this initial condition has the form of problem (8), (9), and formula (10) gives

×
δ2ϕ v ·( ) iη1

2χ θ t1 ·, ,( ) iξ1
2χ s t ·, ,( ) ω ·( ),+ +( )

δω s x,( )δω θ τ,( )
������������������������������������������������������������������������������������������ η1( ) τ1( ) ξ1( ) x1( )

⎭
⎬
⎫

dθ.

z t t0 x τ v ·( ) ω ·( ), , , , ,( ) 1
4π t t0–( )
������������������=

×
x2

2
x3

2
+

4 t t0–( )
���������������–⎝ ⎠

⎛ ⎞
  *  M u0 x( )u0 τ( )( ) * Fξ1

1– ϕ v ·( ) iξ1
2χ t0 t ·, ,( ) ω ·( ),+( )[ ] x1( )( )exp

– i 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������–⎝ ⎠

⎛ ⎞
  *  Fξ1

1–
Fx1

δy t0 τ v ·( ) iξ1
2χ s t ·, ,( ) ω ·( ),+, ,( )

δω s x,( )
������������������������������������������������������������������⎝ ⎠

⎛ ⎞ ξ1( ) x1( )exp s.d

t0

t

∫

x2x3 x1

x2x3

z t0 t1 τ x v ·( ) ω ·( ), , , , ,( ) 1
4π t1 t0–( )
��������������������=

×
x2

2
x3

2
+

4 t1 t0–( )
�����������������–⎝ ⎠

⎛ ⎞
  *  M u0 x( )u0 τ( )( ) * Fξ1

1– ϕ v ·( ) iξ1
2χ t0 t1 ·, ,( ) ω ·( ),+( )[ ] x1( )( )exp

– i 1
4π t1 s–( )
�������������������

x2
2

x3
2

+
4 t1 s–( )
����������������–⎝ ⎠

⎛ ⎞
  *  Fξ1

1–
Fx1

δy t0 τ v ·( ) iξ1
2χ s t1 ·, ,( ) ω ·( ),+, ,( )

δω s x,( )
��������������������������������������������������������������������⎝ ⎠

⎛ ⎞ ξ1( ) x1( )exp s.d

t0

t1

∫

x2x3 x1

x2x3

z t0 t1 x τ v ·( ) ω ·( ), , , , ,( ) 1
4π t1 t0–( )
��������������������=

×
τ2

2 τ3
2

+
4 t1 t0–( )
�����������������–⎝ ⎠

⎛ ⎞
  *  M u0 x( )u0 τ( )( ) * Fξ1

1– ϕ v ·( ) iξ1
2χ t0 t1 ·, ,( ) ω ·( ),+( )[ ] τ1( )( )exp

– i 1
4π t1 s–( )
�������������������

τ2
2 τ3

2
+

4 t1 s–( )
����������������–⎝ ⎠

⎛ ⎞
  *  Fξ1

1–
Fτ1

δy t0 x v ·( ) iξ1
2χ s t1 ·, ,( ) ω ·( ),+, ,( )

δω s τ,( )
��������������������������������������������������������������������⎝ ⎠

⎛ ⎞ ξ1( ) τ1( )exp s.d

t0

t1

∫

τ2τ3 τ1

τ2τ3

z t0 t1 x τ v ·( ) ω ·( ), , , , ,( ) 1
4π t1 t0–( )
��������������������=

×
τ2

2 τ3
2

+
4 t1 t0–( )
�����������������–⎝ ⎠

⎛ ⎞
  *  M u0 x( )u0 τ( )( ) * Fξ1

1– ϕ v ·( ) iξ1
2χ t0 t1 ·, ,( ) ω ·( ),+( )[ ] τ1( )( )exp

– iM u0 x( )( ) 1
4π t1 s–( )
�������������������

τ2
2 τ3

2
+

4 t1 s–( )
����������������–⎝ ⎠

⎛ ⎞
  *  Fξ1

1–
Fx1

δϕ v ·( ) iξ1
2χ s t1 ·, ,( ) ω ·( ),+( )

δω s τ,( )
�����������������������������������������������������������⎝ ⎠

⎛ ⎞ ξ1( ) τ1( )exp s.d

t0

t1

∫

τ2τ3 τ1

τ2τ3

z t t1 x τ v ·( ) ω ·( ), , , , ,( ) 1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������–⎝ ⎠

⎛ ⎞ δ x1( ) * Fξ1

1–
Fx1

1
4π t1 t0–( )
��������������������exp=

x

×
τ2

2 τ3
2

+
4 t1 t0–( )
����������������–⎝ ⎠

⎛ ⎞
  *  M u0 x( )u0 τ( )( ) * Fη1

1– ϕ v ·( ) iη1
2χ t0 t1 ·, ,( ) iξ1

2χ t0 t ·, ,( ) ω ·( ),+ +( )[ ] τ1( )(exp ξ1( ) x1( ))
τ2τ3 τ1



www.manaraa.com

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 49  No. 11  2009

FIRST MOMENT FUNCTIONS OF THE SOLUTION TO THE HEAT EQUATION 1863

According to (14), we have

Substituting this expression and using the properties of Fourier transforms produces

– i 1
4π t t0–( )
������������������

x2
2

x3
2

+
4 t t0–( )
���������������–⎝ ⎠

⎛ ⎞ δ x1( ) * Fξ1

1–
Fx1

M u0 x( )( ) 1
4π t1 s–( )
������������������

τ2
2 τ3

2
+

4 t1 s–( )
���������������–⎝ ⎠

⎛ ⎞
  *  Fη1

1–
Fx1

δ
δω s τ,( )
����������������ϕ v ·( )(exp

t0

t1

∫exp
x τ2τ3

�+ iη1
2χ s t1 ·, ,( ) iξ1

2χ t0 t ·, ,( ) ω ·( ), )+ η1( ) τ1( )ds ξ1( ) x1( )

– i 1
4π t s–( )
�����������������

x2
2

x3
2

+
4 t s–( )
��������������–⎝ ⎠
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In the third term from the end, the variables involved in the inverse Fourier transform are renamed so
that η is switched to ξ and vice versa. As a result, we obtain (20). The theorem is proved.

6. SECOND MOMENT OF THE SOLUTION TO PROBLEM (1), (2)

Definition 3. The generalized second moment M(u(t, x)u(t1, τ)) of the solution to problem (1), (2) is
defined as z(t, t1, x, τ, 0, 0), where z is a (t, x)� and (t1, τ)�symmetric generalized solution to problem (18),
(19).

Theorem 9. Let the conditions of Theorem 6 be satisfied. Then the generalized second moment of the solu�
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Proof. Using Definition 3 and setting v = 0 and ω = 0 in (20), we obtain (21).

Theorem 10. Suppose that the stochastic processes u0, ε, and f in problem (1), (2) are independent; condi�
tion (4) is satisfied; the characteristic functional ϕ

ε
 of ε has a variational derivative

 in the neighborhood of the point v = 0; and M(u0(x)), M(u0(τ)),

M(u0(x)u0(τ)), and M( f(t, x) f(t1, τ)) are locally summable functions. Then the generalized second moment of
the solution to problem (1), (2) is given by
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Proof. Since ε and f are independent, ϕ(v(·), ω(·)) = ϕ
ε
(v(·))ϕf(ω(·)), where ϕ

ε
(v(·)) and ϕf(ω(·)) are

the respective characteristic functionals of ε and f. Furthermore, 

 = iMf(s, τ), ϕf(0) = 1, and  = –M( f(t, x) f(t1, τ)). 

Using these relations and the properties of Fourier transforms, we obtain
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Substituting these relations into (21) yields (22). The theorem is proved.

7. MIXED SECOND MOMENT
OF THE SOLUTION TO PROBLEM (1), (2)

Applying variational differentiation to the formula derived for y(t, x, v(·), ω(·)), we can find mixed

moments, for example, M(u(t, x)ε(τ)) = .

Theorem 11. Suppose that ε(t) and f(t, x) are independent stochastic processes, the characteristic func�
tional ϕ

ε
(v(·)) of ε(t) has v(·)�continuous variational derivatives up to the second order inclusive, M(u0(x)) is

summable on �
3
, and M( f(t, x)) is summable on T × �

3
. Then
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