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INTRODUCTION

An actual diffusion process depends on random factors. When the random coefficients are replaced by
their expectations, the error introduced can be estimated if we know the expectation and variance of the
diffusion process.

We find the expectation and the second moment of the solution to the Cauchy problem

ou(t, x) _ e(t )6 u(t, x) 0’ u(t, x) o’ u(t, x) + (1, %), 1)
ot ﬁxl 8x22 6x3
u(to, x) = ug(x). (2)

3 3 3
Here, 7€ [ty t,]=T<R,x e R, u: Tx R" — R is the unknown function, €(f) >0 and f: Tx R" —
3
R are stochastic processes, and i, : R™ — R is a stochastic process independent of € or f.

The usual line of reasoning is as follows. Let €, f, and u, be some realizations of the processes. Using a
well-known formula, we can write the solution and find its expectation. The arising difficulties can be
understood by considering a simple example. Consider the problem (here, x € R)

e0ZUED 0 x) = (),

X1

ou(t, x) _
ot

where € > 0 is a stochastic process defined by the distribution density p.(¢, ) and u, is a given function.
The solution is

+0o0

u(t,x) = Iex (X_T)2
LX) = p|———— |up(1)dr.

2 nj.c‘:(s)a'sfoO 4 |e(s)ds

0 0

Let € > 0 be a random variable with the distribution density p.(1). Then

M, (1) = j j exo[-C= D Ty ) p, ().

e
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1854 ZADOROZHNIY, KHREBTOVA

If e(#) is a stochastic process defined by the distribution density p.(#, 1), then the expression

M(u(0) = [—=— [exp| ~E=E luy(v)dp. (e m)ain
2 nJ-n(s)dsfoo 4In(S)ds
0 0

makes no sense, since the integral with respect to n is an operator rather than a function of .
If a stochastic process is defined by a measure L., on a space ¢ that is a realization of &, then we have to
evaluate the complicated path integral

+o0

1 2
Iexp —(fc_—r) uy(t)dudy, .

M(u,(1) = [———=
°2 TcJ.S(s)ds_Oo 4 |e(s)ds
0 0
Other methods are developed for finding moment functions. Specifically, the Kolmogorov equations
for the distribution density of the process u(?, x) are used. Chains of equations for moment functions are

constructed [1], which can sometimes be made closed and solved; asymptotic expansions in small random
perturbations are constructed (see [2]).

There are other approaches available for finding moment functions [3, 4]. Formulas for the first two
moment functions of the solution to a first-order scalar linear differential equation were derived in [3].

The approach used in this paper can be described as follows. We define (see Section 4) the auxiliary
mapping

y(t,x, v,®) = M(u(t,x)e(v, ®)), 3)

where

T

e(v(), o(*)) = expLi'[s(s)v(s)dHi”f(s, r)oo(s,r)dsdrj,
TR

M denotes the expectation with respect to the distribution function of € and f. For y we obtain a determin-
istic problem with an explicit solution. Here, M(u(z, x)) = y(t, x, 0, 0). Moreover, applying differentiation,
we easily find the mixed moment functions

—n 8ny(t; X, Oa 0)

M(u(t, 251 e(50)) = 1 e )’

=12, ...

Let ¥ be the Banach space of functions v: T — R equipped with the norm | v(-)|, and W be the

3
Banach space of functions o : 7x R — R. Given numbers a and b, let y(a, b, -) denote the function

defined according to the following rule: y(a, b, s) = sgn(s — a) if s lies in the interval with the endpoints
at a and b and y(a, b, s) = 0 otherwise. For a, b € T, assume that the functions y(a, b, ) belong to Vand
there is a constant m > 0 such that

IO, <mlvO)ly, = m [lv(nld. “)

Let the sample functions of € be such that Irs(t) v(#)dt is a linear bounded functional on V. Similarly,

the realizations of f define the linear bounded functional jT.[ S, x)o(t, x)dxdt on W. Let |x|; denote
R
(x + x5 +x2)/forx e R’
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FIRST MOMENT FUNCTIONS OF THE SOLUTION TO THE HEAT EQUATION 1855

Assume that € and fare defined by a characteristic functional; i.e.,

o(v(), o(")) = Me(v("), ®()).

First, we study equations with a variational derivative.

1. FIRST-ORDER EQUATION WITH A VARIATIONAL DERIVATIVE

Let X be a Banach space of functions on the interval Tc R, x: T— R, and y: X — C.

Definition 1 (see [5]). If the Fréchet differential dy(x(-), &) [6] of the functional y at a point x,(-) has the
form

dy(xo(), h) = [o(t,x(Dh(n)dr,

where the integral is understood in the sense of Lebesgue, then ¢ : 7' x X — Cis called by the variational

(functional) derivative of y at x,,(-) and is denoted by f—s-zs()):z)—-——g-))—) .
Consider the linear inhomogeneous problem
X TO) = g,(n2EETO) 1 0 (1y(1,x, v()) + (1,3, v()), )
t dv(t)
Y(to, x, v(1)) = yo(x, v(+)) (6)

for the unknown mapping y : T x [R3 x V' — Cin a neighborhood QQ — V of the point v(-) = 0. The fol-
lowing result (see [5, p. 183]) is needed to prove Theorem 2.

Theorem 1. [fa: T — Cis a measurable bounded functionon T,y : V— C has a variational derivative
y(a()yx(ty, t, ))/Ov(s) that is summable with respect to s, and condition (4) is satisfied, then f(t) = y(a(-)x.(%,,
t, *)) is differentiable almost everywhere on T and

A0 _ (PO 1)
dt dv(r) ’
Theorem 2. Suppose that a;: T— C, i =1, 2, are measurable bounded functions on T, condition (4) is

satisfied; yo(x, v(-) + a,(:)x (%, t, *)) has a summable variational derivative in Q; b : T x R3 x V— Cis sum-
mable on T with respect to the first variable; and there exists a t-summable variational derivative db(s, x,
v(*) + a,()x(s, t, *))/dv(t) that has a summable majorant on T for v(*) € Q: |6b(s, x, v(-) + a,(-)y(#, t,
)/ v(t)| < m(s). Then

t

¥, x, v()) = epraz(S)deyo(x, v()+a,()x(ty, 1))
t t to (7)
+ Iexp[j@(r)drjb(s, x, v(*) + a, ()% (s, 1, *))ds

fy s

is a solution to problem (5), (6) in Q.

Proof. Since b(s, x, v(*) + a;(-)x (%, t, -)) has a variational derivative with respect to vin €, it is contin-
uous with respect to v in Q. Furthermore, since b is summable with respect to the first variable, b(s, x,
v(*) + a,(*)x(s, t, ) is summable with respect to s on 7. Due to the summable majorant m(s), the varia-
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1856 ZADOROZHNIY, KHREBTOVA

tional derivative of the integral in (7) can be calculated by variational differentiation under the integral
sign. Applying Theorem 1, we find

enrldl- g (r)exp( jaz(s)ds)yo(x V() + a0l )

Iy

+ CXD(Iaz(S)dSJal(I) (1 )yo(x V( )+al( )X(to,t )) + b(t X, V( ))

Iy

+ Iaz(t)exp(jaz(r)dtj b(s,x, v(*) +a,()x(s, 1, ))ds

fo s

* Iexp(J‘az(T)drjm(f)Sb(s x v )8':;;1)( )%, 6)) o

1 N

The variational derivative is calculated as

)

+ ,[eXp(J.az(T)er 3b(s, x, v(- )8-‘!-/(61;)( )x(s, 1, )) s

1 N

Substituting this into (5) gives a correct equality for v(-) € Q for almost all # € T. The theorem is proved.

2. THIRD-ORDER EQUATION WITH A VARIATIONAL DERIVATIVE
Letx e R3;f: R x R" — C; & be a vector with coordinates &, &,, and &;; F.[ f(x, y)](§) denote the

X
Fourier transform with respect to x; similar notation be used for the inverse Fourier transform; and *
denote the convolution with respect to x (see [7]).

Consider the Cauchy problem for the third-order differential equation

ytxv() o _; 8 & v
S = I (R O SR ) 4 Sk ) B O )
Wty %, 7()) = yolx, (). ©)

Here,t € T R3, X € [R{3, b:Tx IR3 x V— Candy,: IR3 x V — C are given mappings, and y is the
unknown mapping. In the theorem below, the arguments are omitted from y, and b (namely, x and v(:) +
i&fx (ty, t, *) from y,and s, x, v(-) + i &12)( (s, t, *) from b) and d(x) denotes the delta function.

Theorem 3. Suppose that condition (4) is satisfied and there exists a neighborhood Q of the point v(-) =0
such that, for all v(*) € Q, the functions

8y0 [8y0:| F 2F F|:6y0J
|y0|n 8v(t) X S (f) |E.\1 X &.-1| x &1 X S (t)
8)’0 ob [ J
SERT O M- R AP PY 6 N AT T
F, : F
B 5 @) el 5o (&)’
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FIRST MOMENT FUNCTIONS OF THE SOLUTION TO THE HEAT EQUATION 1857

are bounded fort € T and s € T by summable functions on RS. Then the solution to problem (8), (9) is given
by the formula

2 2

ML
y(t, X, V( )) - 4n(t_t0)exp{ 4(1—10)

}5(961))6* F2 T [yo(x, v() + 80 (fo, £, NIED ()
(10)

2 2

* I4n(tl—s)exp[ 3(i—s)

}a(xn *FCLE, [6(s.x, v() + iE5(s, £, )] (ED](x,)ds.

Proof. Assume that a Fourier transform with respect to x exists for the solution to problem (8), (9).
Applying the Fourier transform to (8) and (9) yields

0 ) _ 0 2 )
a—tFx[Y(f, x, v(*)](E) = lSv(t)( i€) F[y(t,x, v(*))1(&)

+ (~&,) FLy(t, x, v(-)1(E) + (=i&s) Fy(t, x, v(:)(E) + F[b(t, x, v(-)1(E),
F[y(to, x, v(:)1(E) = Fyo(x, v(:)](E).
This problem has the form of (5), (6) and & is a parameter. Using formula (7),
FLy(tx, v())](&) = exp[(&; + ED (1 — 1) F[yo(x, v() +i& % (0, £, ))1(E)

+ [exp (&) + &) (1= $)1F[b(s, x, v(-) +i&%(s, 1, ))1(E)ds.

fy

Applying the inverse Fourier transform, we obtain

y(t,x, v(+)) = Fe {exp[—(&; + E)(1— 1)1} (x) * Fe { Fupo(x, v(-) + i€ x (10, 1, )(E) } (x)

+ [F {exp[(&3 + £ =913 (0) * F2 {RLb(s,x, v() + i€ x(5 £, )1(&) }(x)ds

Iy
2 2
1 X + X3
= exp|—
4m(t—ty) [ 4(t—ty)

}S(xl)  F; {FLpo(x, v() + &0 (10, 1, ) 1(E) }(x)

2 2
1 X, + X x . e 2 .
P e | O RS TR LR O R N [OHEE

1

The theorem assumptions on the existence of summable majorants ensure differentiability under the
integral sign with respect to the required variables. Using the properties of Fourier transforms gives

FO R Ipo(x, vO) + i 01, £, NIE)}(x) = Fo {Fos [Fo [ Folnox, v+ &t
f, MIEDNEEN o)} () = Fe {F, [yolx s v() + &1 x(f0, 1,-))1(&) }(x,) . In a similar manner, we
obtain  FL { F[b(s,x, v(-) + &1 x(s, t, DIE)}(X) = Fo{Fowe [Fo[Fo[b(s, x, v() + Q& s,

1 22 .
1t NIED 1(E283) 1(x2x3) () = Fgl {Fxl[b(sa x, v(*) + & (s, 1,°))](§)) }(x,) . Plugging these expres-
sions into the previous equality yields formula (10).

The theorem is proved.

3. EXPECTATION OF THE SOLUTION TO THE HEAT EQUATION
We introduce the notation

y(t,x, v(*), o()) = M(u(t,x)e(v("), o())),
where the expectation is calculated with respect to the distribution function of u,, €, and f in
problem (1), (2).
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1858 ZADOROZHNIY, KHREBTOVA

Multiplying (1) and (2) by e(v(-), o(*)), we find the expectation with respect to the distribution func-
tion of u, €, and /. If the corresponding derivatives of y exist, then the last equalities are written as

oy(t,x, v(), () _ _._d o

py s (t)xy(fx V()w())+672y(fx v(+), o(*))
, (1)
9 [80(v(), o))
+ xay(fx v(), o)) - == i
y(t()"x: V(')a ('0()) = M(”o(x))(P(V(')v 0‘)())5 (12)

where ¢ is the characteristic functional of € and f. Here, we used the independence of , from € and f.

Problem (11), (12) is deterministic, but Eq. (11) is not conventional, since it involves variational dif-
ferentiation. Naturally, the form of y prompts the following definition.

Definition 2. The expectation of the solution to problem (1), (2) is
Mu(z, x) = y(1,x,0,0), (13)

where y solves problem (11), (12) in a neighborhood of (0, 0) in V" x W. If y solves problem (11), (12) in
the sense of generalized functions (distributions), then (13) is called the generalized expectation of the
solution to problem (1), (2).

If we set M(uy(x))p(v(+), ®()) = yo(x, v(*), ©()) and —ide(v("), ©("))/dw(#, x) = b(t, x, v(*), ®(")), then
problem (11), (12) has the form of (8), (9) for every fixed w(-).

Theorem 4. Let M(uy(x)) be summable on R3, and let the conditions of Theorem 3 be satisfied for every
o(*) from a neighborhood of the origin in W. Then the solution to problem (11), (12) is given by the formula

1 [ x2 +x3
exp
4n(t—1t,) 4(t-ty)

X +x372 BQ(v() +i& (s 1,), ©())
xp[ 4(t—s3)} Fé'{ xl[ dm(s, x) }(él)}(xl)ds'

y(t,x, v(*), o()) =

} * {M(uo(x)) : FLTo(v() + &t £, ), ©()](x) }
(14)

—i ! e
4n(t—s)
Iy

Proof. Using formula (10), we find a solution to problem (11), (12):

y :me@( T Qf?(xl) FolLF, [M(ug()@(v(-) + i 0 (10, 1, )y @ (D) I(EDT(x)
o X + So(v() +i& (s, 1, ), ()
_l,[4n(t—s)exp[ (o )}5( 1) * Fg{ [ ) }(&l)}(xl)ds.

Since the inverse Fourier transform of the product of functions is transformed into the convolution of
the inverse Fourier transforms of the multipliers, the last relation yields (14). The theorem is proved.

Theorem 5. Under the conditions of Theorem 3, the expectation of the solution to problem (1), (2) is given
by the formula

2 2
Mut3) = | <22 (MG + o (1, 0)x0)]
, , (15)
. 1 X + X3 x2x3 ~1 6(p(lE.>lX(S> ta .)a 0)
_lj4n(t—s)6Xp[ 4(t—s)} Fe [FX'( dw(s, x) )(él)}(xl)d&

The proof follows from (13) and (14).
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FIRST MOMENT FUNCTIONS OF THE SOLUTION TO THE HEAT EQUATION 1859
4. SPECIAL CASES

Formula (15) is rather general. It was derived even without assuming the independence of € and f.

4.1. The case of independent € and /. The characteristic functional @(v(*), ®(-)) is then the product of
the characteristic functionals ¢.(v(-)) and @w(*)) defining € and /.

Theorem 6. Suppose that the stochastic processes u,, €, and fin problem (1), (2) are independent; condition (4)
is satisfied; the characteristic functional ¢, : V — C of the process € has a variational derivative with respect
to v e L\(T); and the functions M(uy(x)) and M(f(t, x)) are locally summable. Then the generalized expec-
tation of the solution to problem (1), (2) is given by the formula

Mu(t, x) =

1
4n(t— to)exp[_4(t—t0)
(16)

1
* .[4Tc(t—s)exp[_4(t )
Proof. Note that M =iMf(t, x), ,(0) =1, and o(v(*), ®(-)) = @.(v(-))p(®(-)).Using formu-
’ do(t,x) S ? ’ - i . ¢
las (13) and (14), we find

2 2

1
exp| —
4n(t-1y) [ 4(t—t,)
_ .t 1 _xzz+x32 "* 8(Pj(0)
l.[4n(t—s)exp[ 4(t—s)} { xl[(l)s(’@X(Sf )) 5o (s, )}(E_, )}(Xl)ds

_ 1 X, + *
- 4n(t—t0)exp[ 4(z-t0)} M) * Fe T8 (1o, £, D101}

Mu(t, x) =

} UMuy()) ¥ F2 0,8 (1 1) 0(0)] (x1)}

+[ 4n(j_s)exp[—jz *_x;] FTQuE(5, 1)) F [M(s, 0)](E)] (1 ) ds.

The inverse Fourier transform under the integral sign is expressed in terms of the convolution, which
yields (16). The theorem is proved.

4.2. The Case of a Gaussian process €. The Gaussian stochastic process is defined by the characteristic
functional

9:(v()) = exp( st(s) vis)ds -3 [ [ois, s»v(sl)v(sz)dsldsz],

TT

where Me(s) is the expectation of € and b(s,, s,) = M(e(s))e(s,)) — Me(s;) Me(s,) is the covariance func-
tion of €.

Theorem 7. Let € be a Gaussian stochastic process independents of f, Me(t) > 0, Me(-) € L (T), b: T x
T — R be a measurable bounded function, and M(uy(-)) and M(f(t, *)) be locally summable functions. Then
the generalized expectation of the solution to problem (1), (2) is calculated by the formula
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1860 ZADOROZHNIY, KHREBTOVA

2 2 2 o i k
_ 1 _x2 + X3 23 1 _ xl 1 1
Mu(t, x) = =t exp[ . fo)} * , exp - * Z 2—-———kk!(”.b(s1, sz)dsldszj
2 In J‘Mg(s) ds 4 J.MS(S) ds|| *=° fyt

. ty ) -

(17)
x,2 0 1
eXp| —— t 2k,

—o2 k!
4IMs(r)ds

)

t
o 1
X aT?kM(uO(x)) + 4n(t_s)exp(—

Ty

tt k
G
x [Ub(sl, sz)dsldszJ ﬁMf(s, x)ds.

X1

Proof. The functional @, has a variational derivative, and expression (16) is defined in the generalized
sense. It is well known (see [7]) that

t

‘ ' -1/2 2
Fg]{exp(—éfIMs(s)dsﬂ(x) = [475 J.Ms(s)dsJ exp —t# for J-Ma(s)ds> 0.
T T 4 J'Ms(s)ds Ty

The last condition holds since Me(s) > 0. Furthermore,

Fe T0u(i8i (0 £, )] (x1) = F, {exp( 3 st(s)dsﬂ(xo “ {exp( & jb(sl,s»dsldszH(xl)

) fyly

Define B(t,, f) = ﬁ ﬁ b(s,, s,)ds,ds, . Then

B (107 t)

) = ZBz(tZ!t)dil 8(x,).

7 e Le 00, ) ) = 3 Bl

k=0 ' k=0
Moreover,

72 [exo( 3805, 0] o) MAts, ) = j(zB L ”aa Z0Ce= MG, n)]
k=0 X1

o0

-y &

= 2 o 8x1

Mf(s X).
Substituting these relations into (16) gives (17). The theorem is proved.

5. AUXILIARY CAUCHY PROBLEM

The second moment of the solution to problem (1), (2) is found in the same manner as the expectation.
Define the auxiliary mapping

Z(l, t17x9 T, V('))O‘)(')) = M(u(t,x)u(tl,r)e(v('), O)()))
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FIRST MOMENT FUNCTIONS OF THE SOLUTION TO THE HEAT EQUATION 1861

Equation (1) is multiplied by u(?;, t)e(v(:), ®(-)) and is averaged over the distribution function of ¢, £,
and u,. Formally, this equality is written in terms of z and y as

o0z(t, t,, x, ra,tv(-), o()) _ I.SVL@%Z([ t,x, T, v(°), o ))+a—z(t t,x, 7, v(-), o(*))

8x2
o Sy, T, v(0), ()
ax3z(f 1, %, 7, v(*), ©(1)) - 5o x) :

Unfortunately, the initial value z(z,, ¢, x, T, v(*), ®(-)) cannot be obtained from condition (2). However,
multiplying (2) by u(#,, 1)e(v(:), ®(:)) and averaging over the distribution function of g, f, and u, yields

2Wtg, 1, %, T, v(0), @) = M(uo(x)y (1)) @(v (), (")) (19)

By definition, z is symmetric about (¢, x) and (¢, 7); i.e., 2(¢, 1, X, T, v(*), ®(*)) =z(¢, £, T, x, v(*), ©(*)).
Using this feature, we can find z.

Theorem 8. Suppose that condition (4) is satisfied; M(uy(x)), M(uy(t)), and M(uy(x)uy(t)) are locally
summable in an neighborhood of the point (0, 0) € V x W, and there exist variational derivatives

(18)

3o(v(: )+”11X(S 1, )+’§1X(f0=t ), o( )) do(v(: )+I§IX(S f )+ln1X(t()9 t, ), o( ))
dw(s, 1) dm(s, x)

8 p(v(-) +inx(8, 11, ) + & %(s, 1, ), o ("))
S (s, x)8w (0, 1) ’

Then the (7, x)- and (¢,, T)-symmetric generalized solution to problem (18), (19) is given by the formula

2 XX
_ 1 exp[—x2+x3} 2*3 1
4m(t—ty) 4(t—1t,) 4n(t, —t,)

22 oo , ,
Xexp[—:(zt;_r:J * {M(uo(X)uo(T)) Fgl[ WOV () + Mt ) + 10 (f, £, ), (DT ()}

1 X5+ X5 )52
ooV ()

i j
4 (t—t,) 4(t—t, 4n (t, —5)

2 2 T -
x exp(—j&%f)) “ [FHI[FXI[M& SO0+ i 1) + i 1), o() () |(51) |ryds

(20)
2 2 2
. 1 Ty + T3 ; _x2+x%x2:3 ~1 1
=P ( 4(t1—t0)) { M) Yan (t 5) Xp( Xr—s) F“I[F[Fxl[am(, (70

Nt f )+ EEIN(S. 1, ), m(-))](al)}xl)](rl)ds}

t 4] 1 x2 + x2 x%3 1 ’[2 + "C2 )13 O |
- J.dsJ‘ exp(— 23 ) k% —-—-—-—-—-—-—-——exp{— 2 3 J * F, [Fx [F; [Fx
4m(t—5) 4(t-s 4n(t,—-0) 4(t,-09) B e )
Iy Iy
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1862 ZADOROZHNIY, KHREBTOVA

8z(p(v() + 11’]12)((9, 1, ) + iéfx(s, t, .)’ (,0())
" [ dw(s, x)8w(0, 1) J(nl)}(ﬁ)}(a])}(xl) do.

Proof. We set 7, = £, in (18). Problem (18), (19) (at #, = 1) for z(¢, %, x, T, v(*), ®(-)) has the form of
problem (11), (12). Formula (14) yields

2t 1%, T, v(), ©()) = 4n(t1_ 5
x exp( - :(:,:))zx (M(ugx)ug() * 5 To(v() + & (1 ), 0()]()
_ iLn(tl_s)exp(—Zf:_ f}) FQII[FXI(SJ’UO’ T, V(.)a:) ’ii? ), w(-))) (él)] (x1)ds.
Since z istosymmetric about (¢, x) and (#,, 1),
Wty &3 V), 00)) = iess
x exp(—%)) (M (x)uy(1)) ¥ F To(v() + &1 1, ), 0()] ()
S Rl s CUR ULy
Then tﬂ
Wty 5T, 7). 0()) = s
x exp(—%)) (M) # F2 To(v() + &7ty 1, ), 0C)I(E))
_ i’j4n(z11 - exp(_:(zz;_f)) Es [ FTI(SY(’(» X, V(')8+c;(ésf’xt()s, f, o), w(-))) (%';I)J (2.)ds.
Using (t102), we find the initial condition for Eq. (18):
Wty 127, 7Y, 00)) = s
x exp(—%)) My (0)un(0)) * 2 TO(v() + & 7ty 1, ), @C)I(E))
- Z-M(uo(x))ﬁjmt G _S)exp(—:(%];_f)) e (22 +é§éfs£)t" e

0

Equation (18) with this initial condition has the form of problem (8), (9), and formula (10) gives

2 2
‘ N 1 Xy + X3 x 71[ [ 1
Lt = - ) F. | F,
Z( s I, X, T, V( ), 0‘)( )) 4ﬁ(f—t0)exp( )) ('xl) * & Xy 47'C(t1 _tO)
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2 2 h 2 2
) 1 X, + X3 x gl 1 L+ Tzf -1 S )
“lani—1) exp(_4(t—t0)) o) * F, {F"'{M(”"(x)) I47t(t1 =9 eXp( 4(t1—s)) F”'[Fxl[am(s, o0

(st ) + 8t ), m(-))}(n,)}(rl)ds}(a,)}xl)

_if4n(¢1_s)e"p( Zz - QS( x,) * Fa,[ x.[Sw(i’x)y(m,r, V() +igu(s 1), m(-))}(&l)J(xl)ds

2 2
_ 1 XX xf‘B 1 L+ O\ ! ”
_4n(t—to)exp( 4(f—fo)) {4n(m—to)exp( 4(t1—to>) M )ao) * FE T ()
+ i (T, 1y *) + 617 (s 1,2, ©()) (1) () }}

2, 2
X, +x3)\"

gl 2 2
' l ( . L l ( T2+T3)) B 71[ 7l|: |: 8
i el M _ FIr e 3 o
IrTTRR S 4(t—t0)) M) * |5 sy ¢ U B See P
fy

(st ) + 8t 1, ), w(-))}(n.)}(rl)}(xl)ds

- I4n(t1_s)exp(‘:§t+_@ SR B sy (e YO+ (s 1), 000) @) s

According to (14), we have

05 v+ 75 1), 00) = () S (o) # F Lo (v0)

1

+m1X(’o, I, )+l<t:~1X(St D), o)1) - .[4 (1,-90)

2 2 2
x _ T+ 7 12;3 -1 6(P(V()+IT]1X(9, tla‘)+i§1X(sa t7')9 ('0())
e 4(:1—9)) mln| 50(0, 1) Jow Jceae.

Substituting this expression and using the properties of Fourier transforms produces

_ 1 X+ X3 2;‘3 1 _r§+r32 ’
- o) {47501_;0)“"( T M)+ UL o)

2 2 XoX3
F NI 1) + 15T 1), m(-))](m)]m)}}—iém(t1 Sexp( 2] oy j P
-0 — %0 1~
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(-2 BYY g ] 5 00 + il )+ 810 9, 00) o) (20 oo )ds

2 2 ’ 2 2
. 1 ( 12+T3 RAE R 1 ( x2 +X3 x4 —l|: —l|: |i 6
PR SO (T 0 i Y . Ot T TR [ 8 oo
PRI 4<t1_t0) {(”O(T)) .[4n(t—s)exp 4(t—s)) | Fa B 5o P70
)
S

+ N1, 1, 7) + EETA(S, 1), w<~)}<al)}(xl>J<fu>dS}— I‘”Lﬁ

4(t—s 4n(t, - 0) 4(t,- 0 Sl

y [sch(v(o +im0(0, 11,1) +i8%(s, 1, ), 0 ()
dm (s, x)0w(0, 1)

](m)](rl)](al)](xl)}de.

In the third term from the end, the variables involved in the inverse Fourier transform are renamed so
that m is switched to £ and vice versa. As a result, we obtain (20). The theorem is proved.

6. SECOND MOMENT OF THE SOLUTION TO PROBLEM (1), (2)

Definition 3. The generalized second moment M(u(¢, x)u(¢,, t)) of the solution to problem (1), (2) is
defined as z(z, ¢, x, 7, 0, 0), where zis a (7, x)- and (¢, T)-symmetric generalized solution to problem (18),
(19).

Theorem 9. Let the conditions of Theorem 6 be satisfied. Then the generalized second moment of the solu-
tion to problem (1), (2) is given by the formula

o Xy
M(u(t, x)u(t;, 7)) = 4n(t_,0)eXp( 4(t—t0)) {475(11—%)

2 2 T3 T
x exp(—%)) = {M(uy(xX)ug(0)) * F TFo [@(im 1o, 11, 7) + €111, 1, ), 0)]<r1)](x1>}}
1= %0

2 2 g 2 2
. 1 ( X, + X5 X2X3 X 1 ( Ty + T3 12.13 7]|: 71[
—1i exp| — * < M(uy(x)) * exp| — * F. | F. | F
(=) " 4<r—ro>) (uo()) * [ 4(t1—s)) o B P
fy

. 1
—f—
4m(t—t,)

) [560(6& T)(P(in 12X(S’ 1, )+ i&f%(’o: 5, 0)}(HI)J(T1)}(X1)C{S
(21)

T ! 2

2 2 2
T2+T3 R ‘l 1 ( Xy +X3 2% —l|: —1|:
xexp(——25 )W Iy + exp( -5 ) o E [ F
xp( 4(t1—t0)) { (o)) 4n(t—s) *p 4(t—s)) Ll s
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s i 1)+ (s, 1), 0)}<a])](xl)}<rl)ds}— fas Ln o

Iy 1

X5 +x3) 0 1 T+ -1
X exp(—# * —exp(— L2 )« F, [Fx [Fn [Fx
A(is an(,-0) P\Ua Z o Ll P

8 p(in7(8, 1, ) + & x(s, 1, ), 0)
" [ S (s, x)0m (0, 1) J(nl):|(‘c1)i|(gl):|(xl) do.

Proof. Using Definition 3 and setting v= 0 and ® = 0 in (20), we obtain (21).

Theorem 10. Suppose that the stochastic processes u,, €, and fin problem (1), (2) are independent; condi-
tion (4) is satisfied; the characteristic functional ¢, of € has a variational derivative

BQ(v() +iniu(8, 1, 1) +i&x(s, 1, )
ov(s)

M(uy(x)uy(t)), and M(f(t, x)f(t,, ©)) are locally summable functions. Then the generalized second moment of

the solution to problem (1), (2) is given by

M(u(t, x)u(t,, 1)) = 1 p( X2 +x3)) x?f{ 1

eXp( — S E——
4n(t—1ty) 4(t-t, 4n(t, —1y)

in the neighborhood of the point v = 0; and M(uy(x)), M(uy(t)),

: 2N\ un (L T 2 2
x exp(—ﬁ)) M Qup()ug(1)) * o) LF [0 (it 1y, ) + 0 (1, 1 -))](m](xl)}}

2 2 h 2 2
1 Xy + X3 Xzf 12 1 ~ T, + T, 13;3 o
T to)eXp(_4(t—t0)) Ml * [ = e X ) _S)) LR,
< [QuMIA(S: 1) + 181l 1 DIE)1(6)) * M5, 0)) s |+ T
n(t —1y)

(22)

2 2 t 2 )
T, + T3 T3 T 1 ( X, + X; Xpx3 o
e\ M * exp| — « (F,'[F2
Xp( 4(t1—to)) { (s(D)) I4n(t—s) P 4(t_s)) {Fy [F,

Ty

< L0uM Iy 1)+ IETL(5 1 DI () * M5, ) }ds} + [ds

h I

1
4n(t—s)

2 2

2 2
X9X3 1 ( T, + T3 LAk] 1 1
X exp| — o exp| — # {F [F
o 4(:-5)) {4Tc(t1—6) PCa ey T R

.2 2 o
X [0:(iM1%(0, 1, ) +i& (s, 7, ) ](1) 1(x)) * M(f(s, x)A(6, 1)) } }de-
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1866 ZADOROZHNIY, KHREBTOVA

Proof. Since € and fare independent, @(v(), ®()) = @.(v("))pA®()), where ¢ (v(*)) and p{w(*)) are
the respective characteristic functionals of € and f. Furthermore,

59,0) 5°pA0)
= iM] 0)=1, and =—M(f(t, 1, 7).
So(s.1) iMf(s, 1), @/0) 5o )50 T) (f(t, 0 f(1, 1)
Using these relations and the properties of Fourier transforms, we obtain

2 2 XpX3 X1 g 2 2 T3
- exp(— X2 X5 )0 ) M(uy(x)) * I ! exp(— YT ) F;[F:[Fx
4m(t—1t,) 4(t—t, 4n(t, —5) 4(t, —s ! o
Iy

@i, 1) + €20 ) === 0/(0) |(n0) () [

(S, )

2 2

XX3 2 2\ Tot3
- 4n(t1—t0)exp(_4(t—t0)) i M(uO(x)) J.4 (t,—5) p(_:(ztl'*'j;)) F LF,

% (@ (175, 11, *) + & X (10, 1, D) F [M(A(s, D) 1(M)1(x1) 1(x,)ds

< e e (2 Vs,
T An(t-1,) P 4(t—t0)) HolX J-4 (t,—s) exXp 4(t1—s)) Fe,

% [0 (N 20(5. 11 ) + IE 37t £, ) (T ]() * M(f(s, 7)) s

i) i’ o) R A

@AO)}(& )}(xl)}(rl)ds}

[cpg(lmx(to, he )+ (5, 1) =

1 ( ’522+T§ R M(uy( )) ( x22+x32 "2"3F71[F71
= — —  exp|- uy(t - *
i P 4(:1_10)) 0 Jax (t 5P 4(t—s)) m

X [(Ps(lnlzX(tO’ tlv ) + liIZX(S’ tv '))FXI[M(f(S’ x))](‘:l)](xl)](rl)ds}

- 1 Tt X; +X;
= el 4(’1—’0)) {M(”‘)“)) Yam el >) (R F,
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% [t 1) + IEEX(5, £, NI (x) 1(T,) * Mf(s, X)) }ds};

ol 1 X 4 X7\ 20 1 4T\
—J-dsj. exp(— EELRAE —exp(— ZEARRE R F;[FX [F;[Fx
4n(t—s) 4(t—s 4m(t, - 0) 4(t, -0 S L
fh b

2 L2 _ 8°9/0)
| @utinin(0, 1) +ignGs b D5 T)}(nn]mo}(al)}(xl)}de

toh 2, .2 2 2
_ 1 _X x5 R 1 LA
) Idshn(r—s)exp( 4(r—s>) {%(m—e)e"p( 4(rl—eQ F[F,
x [@. (10, 11, *) + & (s, 1, ) F [Fo [M(f(s, X)A(6, r))](m)](rl)](il)](xl)}de

2
3

£l 1 Xa 4 x5) 20 1 T+
= J.dsj exp(— 2 * —exp(—# * {Fgl[F;]1
4m(t-s) 4(t—s 47(t,-0) 4(t, -0 e

fy 1

.2 2 R
X [@e(inyx(6, 1, ) + i€y (s, 2, ) ](ty) ]Cey) * M(f(s, x)A(6, 1)) } }de-
Substituting these relations into (21) yields (22). The theorem is proved.

7. MIXED SECOND MOMENT
OF THE SOLUTION TO PROBLEM (1), (2)

Applying variational differentiation to the formula derived for y(z, x, v(-), ®(:)), we can find mixed

moments, for example, M(u(z, x)e(t)) = —iM .
dv(1t)

Theorem 11. Suppose that (f) and f(t, x) are independent stochastic processes, the characteristic func-
tional ¢ .(v(-)) of €(¥) has v(:)-continuous variational derivatives up to the second order inclusive, M(uy(x)) is
summable on IR3, and M(f(t, x)) is summable on T x R’. Then

_ 1 X, + x5 ) 589, (8 Aty 1))
Mt 9e(5)) = =i exp ) (o) [ 22 D)

_ i}4n(t1— s)exp(—%)) XfS{F_I [FXI[S(PS(igi)ES’ 2 .))J(il)}(xl)x; M(fs, x))}ds.

&
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